This paper addresses the validity of the static Woods-Saxon potential and the energy dependent Woods-Saxon potential (EDWSP) for description of sub-barrier fusion dynamics. The low lying surface vibrations of colliding nuclei and neutron transfer channels are found to be major factors responsible for fusion enhancement at sub-barrier energies. Theoretical calculations based upon the static Woods-Saxon potential obtained using the one-dimensional Wong formula fail to explain the energy dependence of the sub-barrier fusion cross-section of + Ca Ti systems and simulates the influence of nuclear structure degrees of freedom, such as the inelastic surface vibrational states of colliding pairs. In EDWSP model calculations, a wide range of diffuseness parameters, ranging from = a 0.96 fm to = a 0.85 fm, which is much larger than a value = a ( 0.65 fm) extracted from the elastic scattering data, is required to bring the observed fusion enhancement.
systems. The role of inelastic surface vibrations is properly entertained within the context of coupled channel calculations performed using the CCFULL code. However, the EDWSP model, in conjunction with the one-dimensional Wong formula, accurately explains the sub-barrier fusion enhancement of + Ca Ti 40 20 46,48, 50 22 systems and simulates the influence of nuclear structure degrees of freedom, such as the inelastic surface vibrational states of colliding pairs. In EDWSP model calculations, a wide range of diffuseness parameters, ranging from = a 0.96 fm to = a 0.85 fm, which is much larger than a value = a ( 0.65 fm) extracted from the elastic scattering data, is required to bring the observed fusion enhancement.
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Introduction
In heavy ion reactions, the availability of a radioactive beam strengthens systematic study of the complex phenomenon of multidimensional quantum tunneling, wherein the projectile and target with many degrees of freedom tunnel through the classical forbidden energy regions. Fusion reactions, which can be used as spectroscopic tool to explore nature of nuclear interactions and the nuclear structure of participating nuclei, have received attention in recent years because the energy dependence of the fusion cross-sections depends strongly upon the internal structure of the reacting nuclei, such as nuclear shape deformation, vibrations of nuclear surface, rotation of nuclei during collision, neck formation and nucleon (multi-nucleon) transfer reactions. The coupling between relative motion and internal structure degrees of freedom causes the splitting of the uncoupled fusion barrier into a distribution of barriers. This barrier distribution is the direct manifestation of the fusion enhancement at energies below the energy of the uncoupled Coulomb barrier [1] [2] [3] . Therefore, to identify those degrees of freedom which have a strong influence on the energy dependence of sub-barrier fusion cross-section data and consequently to understand the puzzling dynamics of heavy ion fusion reactions has been a matter of considerable interest. The sub-barrier fusion enhancements caused by the rotation of statically deformed nuclei and/or by the inelastic surface vibration are accurately described within the framework of various theoretical models [4] [5] [6] [7] . However, the role of multi-neutron transfer channels on the sub-barrier fusion dynamics is still far from being understood well. The underlying reason is that in series of target isotopes of a given element, the possibility of neutron transfer channels increases with isotopic mass and the collectivity of target nuclei is changed significantly with an increase of neutron richness. Therefore, it is not so easy to single out the impact of neutron (multi-neutron) transfer channel from the whole effect of fusion enhancement at subbarrier energies [8] [9] [10] [11] [12] [13] [14] [15] .
From the theoretical point of view, the influence of internal nuclear structure degrees of freedom on reaction dynamics is entertained via the nucleus-nucleus potential and thus the nuclear reaction dynamics is quite sensitive to the shape of nucleus-nucleus potential. The different nuclear processes, such as elastic scattering, inelastic scattering and fusion reactions preview the different regions of the nucleusnucleus potential and these nuclear interactions collect complementary information with regard to the accurate picture of the nucleus-nucleus potential [16] . The properties of Coulomb and centrifugal terms are well understood, while because of the existence of large ambiguities regarding the optimum form of the nuclear potential, the various aspects of nuclear interaction are still unresolved. The large sets of parameterization of the nuclear potential are used frequently in the literature to analyze the experimental data in connection with heavy ion reactions [17] [18] [19] [20] [21] [22] [23] [24] . In heavy ion fusion reactions, the static Woods-Saxon potential is used most frequently to probe the nuclear reaction dynamics, wherein the diffuseness parameter is related to the slope of the nuclear potential in the tail region of the Coulomb barrier. Significantly large values of the diffuseness parameter, ranging from = a 0.75 fm to = a 1.5 fm, are used to explore the experimental fusion data, while a much smaller value of the diffuseness parameter = a ( 0.65 fm) is best suited to elastic scattering analysis [1] [2] [3] [4] [5] [6] [7] [25] [26] [27] . The cause of this diffuseness anomaly is still far from clear understanding and more extensive investigation is required to resolve such issues.
This work systematically analyzed the fusion dynamics of + Ca Ti 40 20 46,48,50 22 systems [28] within the context of the static Woods-Saxon potential and the energy dependent Woods-Saxon potential (EDWSP) model [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Due to energy dependence, the nucleus-nucleus potential becomes more attractive at energies lying in the close vicinity of the Coulomb barrier. In EDWSP model calculations, the energy dependence in the Woods-Saxon potential takes care of similar kinds of channel coupling effects, as induced from the channel coupling effects, and ultimately brings substantially large fusion enhancement at sub-barrier energies. In general, with an increase of neutron richness in the target the magnitude of sub-barrier fusion enhancement increases due to fact that the probability of a multi-nucleon transfer channel becomes very large. The isotopic dependence of fusion crosssection data as well as the possibility of neutron transfer channels is related to the neutron richness and hence the substantially large sub-barrier fusion enhancement is evident from the analysis of neutron rich nuclei such as + Ca Zr, 40 systems [8] [9] [10] [11] [12] [13] . In this regard, the interest of this work is in studying the importance of the neutron transfer channel, the influence of the rapid variation of collectivity and the opposite target mass dependence in the sub-barrier fusion dynamics. systems wherein sub-barrier fusion enhancements mainly arise from the single phonon vibrational states of fusing nuclei. The role of the inelastic surface vibrations of colliding nuclei is entertained using the coupled channel calculations performed using the CCFULL code [41] . The predictions of the static Woods-Saxon potential, in conjunction with the one-dimensional Wong formula and the no coupling calculations obtained using the CCFULL code, systematically fail to provide the complete description of fusion data in below barrier energy regions. However, the EDWSP model, within the framework of the one-dimensional Wong formula [42] , accurately explains the sub-barrier fusion enhancement of + Ca Ti 40 20 46,48, 50 22 systems and thus directly reveals the limitations of the static Woods-Saxon potential for description of the sub-barrier fusion dyanmics. It is very interesting to note that the EDWSP model has an effect that is closely similar to that of the static Woods-Saxon potential with an abnormally large diffuseness parameter. A brief description of the method of calculation is given in section 2. The results are discussed in detail in section 3, while the conclusions drawn are discussed in section 4.
Theoretical formalism

One-dimensional Wong formula
The partial wave fusion cross-section is given by the following expression:
Hill and Wheeler proposed an expression for tunneling probability ( ) T ℓ F which is based upon the parabolic approximation wherein the effective interaction between collision partners is replaced by an inverted parabola [1-7, 29-40, 43] :
This expression was further simplified by Wong using the following assumptions for barrier position, barrier curvature and barrier height [1-7, 29-40, 42] :
where, V B is the sum of the short-range attractive nuclear potential = ( )
and the repulsive Coulomb potential = ( )
Using the above assumptions and equation (2) into equation (1), one can write the fusion cross-section as
By assuming that the infinite number of partial waves contributes to the fusion process one can change the summation over ℓ into an integral with respect to ℓ in equation (3). By solving the integral one can obtain the final expression for the Wong formula [1-7, 29-40, 42] :
Energy dependent Woods-Saxon potential (EDWSP) model
The EDWSP model [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] was recently used successfully for the complete description of the fusion dynamics of a wide range of heavy ion fusion reactions. This work highlights the limitations of the static Woods-Saxon potential and the applicability of the EDWSP model for description of subbarrier fusion cross-section data. The form of the static Woods-Saxon potential can be written as
The quantity V 0 is the depth and a is the diffuseness parameter of the nuclear potential. In the EDWSP model, the depth of the real part of the WoodsSaxon potential is defined as [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . In fusion dynamics, the various kinds of static and dynamical physical effects, such as variation of N/Z ratio, variation of the surface energy and surface diffuseness of colliding pairs, variation of nucleon densities in the neck region and the dissipation of kinetic energy of relative motion to internal structure degrees of freedom of fusing nuclei occur in the surface region of colliding nuclei or in the tail region of the nuclear potential. Furthermore, when a common projectile is bombarded on a series of target isotopes or vice versa, the isotopic effects are directly evident and such kinds of isotopic effects must be incorporated. All these physical effects induce the modification of the parameters of the static Woods-Saxon potential and hence bring the requirement for larger diffuseness parameters, ranging from = a 0.75 fm to = a 1.5 fm, to account for the sub-barrier fusion data [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . In fusion dynamics, the EDWSP takes care of the all such static and dynamical physical effects. In EDWSP model calculations the energy dependent diffuseness parameter is defined as 
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It is worth noting here that the value of the diffuseness parameter depends strongly upon the nature of the interacting nuclei and the bombarding energy of colliding nuclei. The parameter r 0 is treated as a free parameter in order to vary the diffuseness parameter. In this work, it can be easily seen that the theoretical calculations based upon the static WoodsSaxon potential must incorporate the couplings to internal nuclear structure degrees of freedom, such as inelastic surface excitations of colliding pairs, rotational states of deformed nuclei and multi-nucleon transfer channels or other static and dynamical effects to reproduce the sub-barrier fusion data. However, the energy dependence in the nucleus-nucleus potential governs similar kinds of channel coupling effects that arise due to the coupling of the relative motion of reactants to internal structure degrees of freedom and thus reasonably accounts for the sub-barrier fusion excitation function data. The underlying reason for the equivalence of these two different physical mechanisms (the EDWSP model and the coupled channel approach) is that both produce similar kinds of barrier modification effects (barrier height, barrier position and barrier curvature) in the sub-barrier fusion dynamics.
Coupled channel model
This section briefly reviews the details of the coupled channel approach, which is used to analyze the fusion dynamics of various heavy ion fusion reactions. In coupled channel calculations, it is very difficult to accommodate all the intrinsic channels simultaneously, but one can reasonably include the relevant channels [29-41, 44, 45] . Therefore, the set of the coupled channel equation can be written as where, ⃗ r is the radial coordinate representing the relative motion between fusing nuclei. μ is the reduced mass of the projectile-target system. The quantities E cm and ε n represent the bombarding energy in the centre of the mass frame and the excitation energy of the n th channel, respectively. V n m represents the matrix elements of the coupling Hamiltonian, which in the collective model consists of Coulomb and nuclear components. The coupled channel calculations are done using the CCFULL code [41] , wherein the coupled channel equations are solved numerically by entertaining the two basic approximations. The first approximation is the noCoriolis or rotating frame approximation, which has been used to reduce the number of the coupled channel equations [29-41, 44, 45] . The second approximation, which is applicable for heavy ion reactions, is to use ingoing wave boundary conditions. The CCFULL code [41] employed the static Woods-Saxon potential to account for the effects of nuclear structure degrees of freedom. By entertaining the effects of all relevant internal degrees of freedom, the fusion cross-section becomes
Results and discussion
In earlier works, several efforts were made to address the importance of energy dependence in the nucleus-nucleus potential (EDWSP model) by analyzing the large set of experimental data [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Here, this work is extended to address the issues raised regarding the inconsistency of the static Woods-Saxon potential for description of sub-barrier fusion data. In this regard, the static Woods-Saxon potential and the EDWSP are simultaneously exploited within the framework of the one-dimensional Wong formula to explain the specific features of the heavy ion fusion dynamics of + Ca Ti 40 20 46,48, 50 22 systems [28] . The beauty of these reactions is that target isotopes offer rapid variation of the collectivity of quadrupole vibrational states as well as the target isotopic effects on the fusion dynamics. Besides high excitation energy, the projectile exhibits the strong octupole vibrational state and its influence is expected to be more pronounced than other inelastic surface vibrational states. The deformation parameters and their corresponding energies of low lying 2 The depth, range and diffuseness parameter values as used in the coupled channel code CCFULL as an input are taken from [28] .
The nuclei lying near the closed shell structure only possess low lying surface vibrations. These inelastic surface vibrations are the dominant mode of coupling and play a crucial role in deciding the energy dependence of low energy fusion data. For neutron rich nuclei, the neutron transfer couplings dominate over inelastic surface vibrational couplings and thus strong isotopic fusion enhancement at subbarrier energies is evident from their fusion mechanism. This idea brings the systematic analysis of the fusion of + Ca Ti 40 20 46,48,50 22 systems wherein the rapid variation of collectivity appears. In addition, the fusion of + Ca Ti 40 20 46,48,50 22 systems seems to be a representative example of the opposite target mass dependence of fusion excitation function data. Before discussing the details of coupled channel calculations, the limitations of the static Woods-Saxon potential and the applicability of the EDWSP to fusion dynamics will be highlighted. The fusion dynamics of + Ca Ti 40 20 46,48,50 22 systems are analyzed within the framework of the static Woods-Saxon potential and the EDWSP model, in conjunction with the one-dimensional Wong formula. The experimental data of + Ca Ti 40 20 46,48, 50 22 systems (see figures 1(a)-(c)) are substantially larger than the theoretical calculations based upon the static Woods-Saxon potential in conjunction with the one-dimensional Wong formula. For all these fusing systems, the failure of the static Woods-Saxon potential to provide a complete description of fusion data reflects the importance of the introduction of energy dependence into the Woods-Saxon potential. In EDWSP model based calculations, the energy dependent diffuseness parameter causes a splitting of the uncoupled Coulomb barrier into a distribution of barriers of varying heights. This kind of physical effect is a direct manifestation of the enhancement of the fusion crosssection at energies below the energy of the uncoupled barrier. The barriers whose heights are smaller than that of the uncoupled barrier produce a substantially larger sub-barrier fusion cross-section than expected from the energy independent one-dimensional Wong formula, as is evident from figure 1 . In below barrier energy regions, = a 0.96 fm is the largest value of the diffuseness parameter that results in a lowest fusion barrier, which in turn leads to the maximum flux lost from the elastic channel to the fusion channel. With increase of incident energy, the value of the diffuseness parameter goes on decreasing and the height of the corresponding fusion barrier gradually increases. In above barrier energy regions, the diffuseness parameter attains its minimum value systems (see figure 2) reflected that the energy dependence in the WoodsSaxon potential introduces barrier modification effects (barrier height, barrier position and barrier curvature) in a somewhat similar way to that of the coupled channel formulation.
In the fusion of + Ca Ti 40 20 46,48,50 22 systems, the effects of coupling to the inelastic surface excitations decreases with the increase of isotopic mass, while the possibility of a neutron transfer channel with positive ground state Q-values increases with neutron richness. The isotopic effect, as well as the systems obtained using the static Woods-Saxon potential model and the EDWSP model [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . The results are compared with experimental data (*) taken from [28] .
possibility of a neutron transfer channel, is related to the increase of isotopic mass of the target isotope. For Ti 46,48,50 22 nuclei, the collectivity of quadrupole vibrational state decreases with increase of neutron richness and consequently the largest fusion enhancement is expected for the lightest target. In the fusion of + Ca Ti 40 20 46, 48 22 systems, inelastic surface vibrational couplings dominate over the neutron transfer couplings, while the reverse is true for + Ca Ti 40 20 50 22 systems. For + Ca Ti 40 20 46,48,50 22 systems, coupling to one phonon + 2 vibrational state alone or − 3 vibrational states in a target alone significantly enhances the sub-barrier fusion cross-section over the predictions of no coupling calculations, but is unable to account for the experimental data. Besides high excitation energy, there exists a strong octupole vibration in the projectile and coupling to such a dominant channel there would be an expectation of larger fusion enhancement at sub-barrier energies, but there are still large discrepancies between the theoretical calculations and experimental data. This suggests that further addition of more intrinsic channels is required to bring the observed enhancement of sub-barrier fusion crosssection data, as is evident from figure 2 .
The one phonon coupling to + 2 and − 3 vibrational states along with their mutual couplings in both colliding nuclei accurately reproduces the sub-barrier enhancement of + Ca Ti 40 20 46, 48 22 systems. However, deviations between the coupled channel calculations and experimental data for + Ca Ti 40 20 50 22 system at sub-barrier energies remain. This is because the situation is quite different for the heaviest target nucleus due to the availability of two neutron pickup channels with positive ground state Q-values. The coupling to such a neutron transfer channel leads to a larger sub-barrier fusion cross-section for the + Ca Ti 40 20 50 22 system in comparison to the + Ca Ti 40 20 46, 48 22 systems, as is evident from figure 2. If inelastic surface vibration couplings dominate over the neutron systems obtained using the EDWSP model [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] and the coupled channel code CCFULL [41] . The results are compared with experimental data (*) taken from [28] .
transfer couplings, this must produce the larger fusion crosssection of the + Ca Ti 40 20 46 22 system with respect to + Ca Ti 40 20 48, 50 22 systems. The larger quadrupole deformation and low excitation energy of the Ti 46 22 nucleus can be ascribed to such a fusion enhancement. But in reality, the larger magnitude of the sub-barrier fusion enhancement of the + Ca Ti 40 20 50 22 system in comparison to + Ca Ti 40 20 46, 48 22 systems is a consequence of the dominance of the neutron transfer couplings over the inelastic surface vibrational couplings. In coupled channel calculations, a larger value of diffuseness parameter ≈ a 0.90 fm is required to reproduce the sub-barrier fusion enhancement. In similar fashion, in the EDWSP model calculations a wide range of diffuseness parameters, ranging from = a 0.85 fm to = a 0.96 fm, is needed to account for the sub-barrier fusion data. This clearly indicates that energy dependence in the Woods-Saxon potential mirrors the features of heavy ion fusion reactions as deduced from the static Woods-Saxon potential with a large diffuseness parameter. Ghodsi et al [46] showed that the M3Y + repulsion and static Woods-Saxon potential with a large diffuseness parameter are effectively equivalent and hence accurately reproduce the fusion dynamics of + C Zr, systems. The similarity between the M3Y+repulsion potential and the static Woods-Saxon potential with a large diffuseness parameter is also supported by the work of Esbensen et al [47] [48] [49] [50] and Stefanini et al [51, 52] . The EDWSP model quantitatively reproduces the fusion dynamics of + Ca Ti 40 20 46,48, 50 22 systems and hence clearly indicates that the energy dependence in the Woods-Saxon potential reflects the similar behavior of heavy ion fusion reactions as deduced from the static Woods-Saxon potential with a large diffuseness parameter and consequently forms the M3Y + repulsion potential. Furthermore, in heavy ion fusion reactions it is well attested that couplings to internal degree of freedom such as static deformation, surface inelastic channels and neutron transfer channels will cause the splitting of Coulomb barrier into a number of barriers of varying height, which is known as barrier distribution. The barriers whose height is lower than that of the uncoupled Coulomb barrier can be held responsible for the substantial sub-barrier fusion enhancement, larger than expected from the one-dimensional barrier penetration model [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . As already discussed, the EDWSP model calculations reflect similar kinds of physical effects, as is evident from the coupled channel analysis.
Conclusions
This work has analyzed the limitations of the static WoodsSaxon potential and the applicability of the energy dependent nucleus-nucleus potential for the description of fusion dynamics by studying the fusion of + Ca Ti 40 20 46,48,50 22 systems. The theoretical calculations based upon the static WoodsSaxon potential, in conjunction with the one-dimensional Wong formula and no coupling calculations (based upon the static Wood--Saxon potential) obtained using the CCFULL code, systematically fail to provide an accurate explanation for the fusion dynamics of + Ca Ti 40 20 46,48, 50 22 systems. However, the EDWSP model based calculations require significantly larger diffuseness parameter values, ranging from = a 0.85 fm to = a 0.96 fm, which is much larger than the value extracted from the elastic scattering data = a ( 0.65 fm), for reproduction of the experimental data of + Ca Ti 40 20 46,48,50 22 systems. This suggests that the EDWSP model has an effect that is very similar to the static Woods-Saxon potential with an abnormally large diffuseness parameter, ranging from = a 0.75 fm to = a 1.5 fm.
